This article provides an overview of some recent advances in the modeling of photoelectron angular distributions in negative-ion photodetachment. Building on the past developments in threshold photodetachment spectroscopy that first tackled the scaling of the partial cross sections with energy, depending on the angular momentum quantum number , it examines the corresponding formulation of the central potential model and extends it to the more general case of hybrid molecular orbitals. Several conceptual approaches to understanding photoelectron angular distributions are discussed. In one approach, the angular distributions are examined based on the contributions of the symmetry-allowed s and p partial waves of the photodetached electron. In another related approach, the parent molecular orbitals are described based on their dominant s and p characters, whereas the continuum electron is described in terms of interference of the corresponding = ± 1 photodetachment channels. 
INTRODUCTION
In recent years, photoelectron imaging has become the spectroscopic technique of choice to study the photoionization of neutral molecules (1) and photodetachment of negative ions (2) . The popularity of the imaging approach (3) (4) (5) (6) , particularly in the velocity-mapping implementation (7) , is attributed not only to the straightforward, visual nature of the results, but also to the insight provided by the simultaneous observation of the energy spectra and angular distributions.
The photoelectron angular distributions (PADs) resulting from one-photon detachment or ionization provide insight into the properties of the corresponding parent orbitals (8) (9) (10) (11) . Modeling the PADs is not a trivial pursuit, but direct computations that account for the complexity of the electronic structure, wave interference, relaxation effects, and orientation averaging have been successfully demonstrated (10, (12) (13) (14) (15) . Unfortunately, the extensive details of the calculations may complicate the understanding of the underlying physics of photoemission. This review describes some recent successes in tackling molecular-anion photodetachment at a conceptual level, focusing not so much on the computational details, but on the analytical description of the process. The goal is to describe the photodetachment by relying, as much as possible, on the key physical concepts and a pen and paper only.
Angle-resolved photoelectron spectroscopy, aimed at unraveling angle-resolved spectra or energy-dependent angular distributions, has been an active area of research for nearly a century (16) . PAD measurements have been made and are being carried out in various, often overlapping contexts, including single-and multiphoton photoionization of neutral atoms and molecules; atomic, molecular, and cluster anion photodetachment; time-resolved measurements (17) ; strongfield versus weak-field measurements; laboratory-frame (LF) versus molecular-frame (MF) PADs (12) ; and the photodetachment/photoionization of prealigned or oriented ensembles. Most of these themes are not discussed here, and the reader is referred to the extensive literature covering these topics. In particular, the review by Reid (10) discussed PADs in various contexts relevant to different experimental scenarios, primarily applicable to the photoionization of neutral molecules.
This review focuses on the photodetachment of negative ions and takes advantage of the unique opportunities afforded by the small photon energies needed to photodetach an electron and the usually weak interaction of the departing electron with the remaining neutral molecule. In stark contrast to neutral-molecule ionization, photodetachment processes at small to moderate energies are dominated by partial waves with the smallest allowed values of the orbital angular momentum quantum number, . This allows for significant simplifications in the qualitative understanding of the process.
Such simplifications afford unique opportunities in the related realm of the characterization of molecular bonding structures that often involves defining the primary character of molecular orbitals (MOs). For example, hybrid orbitals have long been used to predict molecular geometries and reactivity. Such general approaches have indisputable theoretical and pedagogical value. Whereas many modern theoretical methods aim to provide increasingly accurate and detailed descriptions of the electronic structure, demanding ever increasing computing power, the ultimate goal of scientific exploration remains the conceptual understanding of the big picture, such as the character of chemical bonds.
The dominant bond character, typically expressed in terms of their s, p, d, etc., components, is directly related to the above simplified description of the photodetached electron in terms of the smallest-partial waves. This review describes some recent work that capitalizes on this opportunity by dealing primarily with the s and p (and sometimes d ) components of the MOs and the resulting continuum waves.
Although most modern angle-resolved experiments are carried out using photoelectron imaging spectroscopy (11, , the imaging technique itself is not the focus of this review. In fact, among the dual information content of photoelectron imaging-the PADs and the photoelectron spectra-only the energy-dependent PADs are discussed.
In a one-photon process with linearly polarized light, the LF PAD is generally described by the equation
where θ is the angle between the photoelectron velocity vector and the light's electric field vector (typically set along the LF z direction), a is a normalization constant proportional to the total photodetachment cross section, and P 2 (cosθ ) = (1/2)(3cos 2 θ − 1) is the second-order Legendre polynomial. β in Equation 1 is the anisotropy parameter ranging from −1 for perpendicular transitions to +2 for parallel transitions (8) . This parameter fully characterizes the PAD and provides a direct indication of the character of the photodetachment process.
One goal of this review is to refute the perception that the information content of LF PADs automatically becomes limited for larger molecules with complex electronic structure. Although it is true that orientation averaging takes a toll on the amount of information observable in the LF, compared to MF measurements (10, 12, 49) , the relative ease of LF experiments opens the door for extensive and less constrained investigations of a broader range of systems. Furthermore, as molecules increase in size, the PADs do often become less anisotropic, but this trend in itself, if analyzed properly, reflects the increasing richness and complexity of the electronic structure. A typical case of anisotropy decrease due to increased complexity is photodetachment from sp n hybrid orbitals. Whereas the PADs for s and p orbital photodetachment are parallel and typically perpendicular, respectively (50), the PAD for photodetachment from a mixed-character state can fall anywhere between the two extremes (51). The anisotropy parameter gravitating toward zero in this case may contain valuable information about the character of the hybrid orbital (52) and, for example, the corresponding degree of aromaticity of the molecule being studied (53) (54) (55) .
At the conceptual foundation of this work is the mathematical idea of basis-set expansion. As applied to molecular-anion photodetachment, this idea is introduced in Section 2, which also outlines the fundamental differences between the photodetachment and neutral-molecule photoionization processes. Section 3 summarizes the application of these ideas in the form of partial-wave expansion of the photodetached electron. In Section 4, the central potential model applicable to the photodetachment from atomic or atomic-like anions is discussed, followed by the extension of the model to the case of s-p mixed-character molecular states in Section 5.
BASIS-SET EXPANSION APPLIED TO PHOTODETACHMENT
This review adopts the MO description of the electronic structure of molecules and considers the photodetachment in the Koopmans' theorem (56) spirit, neglecting configuration interaction, vibronic coupling, and relaxation effects. The electronic wave function of the anion is factored into the wave function of the neutral core and the MO being vacated. The final state is described similarly as the product of the remaining neutral and the free electron.
It is often convenient to expand the free-electron wave in terms of partial waves with definite values of orbital angular momentum, just as any MO can be formally expressed as a superposition of atomic orbitals localized on any chosen center. The greatest conceptual insight is often gained when the expansion is carefully chosen so that it is dominated by few leading terms that capture the essential physics.
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Representation of Molecular Orbitals in Atomic Bases
To a chemist, expanding an MO as a linear combination of atomic orbitals (LCAO) resonates with the LCAO-MO theory, which is based on combining the orbitals of different atoms within the molecule. From a pure mathematical standpoint, the basis functions do not have to be associated with any particular atom, nor do they need to be distributed between different centers. The following discussion is based on two theorems that can be stated briefly as follows. First, any well-behaved function f can be expanded in a complete set of linearly independent functions ϕ i :
provided f and all ϕ i are defined in the same coordinate space and satisfy the same boundary conditions. Second, all eigenfunctions of a Hermitian operator compose a complete basis set. Applying these theorems to chemistry, we note that bound MOs are well-behaved functions that asymptotically approach zero for r → ∞, whereas the atomic orbitals in the usual form ψ n m (r, θ, φ) = R n (r)Y m (θ , φ) satisfy the same asymptotic condition and are, by definition, eigenfunctions of a Hermitian operator. Hence, ψ n m can be used to expand any bound MO (ψ MO ) in the form of Equation 2, with f = ψ MO , {ϕ i } = {ψ n m }, and the expansion coefficients calculated as the projections of ψ MO on the respective basis functions: c n m = ψ n m |ψ MO .
The beauty of Equation 2, as applied to MOs, is that it holds regardless of the choice of the Hamiltonian used to generate the expansion basis. The generating Hamiltonian does not have to correspond to any atom in the molecule; its origin and the corresponding atomic orbitals can be placed at any point in the MF. For example, a math enthusiast, unconcerned about physical insight but armed with ample computing power, might choose to represent the π * g 2 p highestoccupied molecular orbital (HOMO) of O 2 − as a combination of unmodified H-atom orbitals with the origin at one of the O atoms. For good measure, one may even instead place the origin a few angstroms (or meters!) away from the O 2 − center of mass. As long as a sufficiently complete {ψ n m } set is used and no objection is made to the astronomical length of the expansion, such an unreasonable choice of basis set is formally acceptable.
However, a more insightful approach to this problem is to expand the HOMO in a properly adjusted {ψ n m } basis set placed at the O 2 − center of mass. The resulting expansion, although still formally infinite, will contain two dominant terms, corresponding to the Y 2, ± 1 spherical harmonics. This description is a mathematical manifestation of the d-like character of the O 2 − HOMO, giving an important insight into its properties, as well as the photodetachment process. In the context of photodetachment, representing the parent MOs in terms of atomic-like functions with common origin is useful because the photodetachment process can then be described as a superposition of channels with defined angular momentum quantum numbers. In the above O 2 − example, one expects the photodetachment to be dominated by the d → p and d → f channels (in accordance with the = ±1 selection rule).
Partial-Wave Expansion of Continuum Electrons
In a closely related approach, one may choose to use Equation 2 to expand the continuum electron wave function, rather than the parent MO, in the basis of partial waves. This approach is useful even for complex orbitals, for which no effective or dominant values can be assigned. In such cases, group theory and dipole selection rules are used to determine the symmetry of the continuum wave function, which can then be expanded in a symmetry-adapted partial-wave basis (57) . Although plane waves or spherical waves are commonly used, the latter are more appropriate for the analysis of PADs, as they possess defined angular properties. Similar to bound atomic orbitals, eKE: electron kinetic energy (ε) the continuum spherical waves can be factored into the radial and angular parts, with the radial functions dependent on the final-state interactions. In anion photodetachment, the interaction of the photodetached electron with the neutral core is usually weak, and it is well described by free spherical waves, with the radial parts given by spherical Bessel functions (52, 58, 59 ).
Anion Detachment Versus Neutral-Molecule Ionization
Many ideas in this review are unique to anion photodetachment because the behavior of photodetachment cross sections is sharply different from the analogous properties of neutral ionization. The scaling of the near-threshold cross sections with energy is dependent on the angular momentum quantum number and the final-state interaction between the departing electron and the remaining neutral or cation. According to the Wigner law (60), in the limit of small electron kinetic energy (eKE), the anion photodetachment cross section corresponding to channel scales as
where ε ≡ eKE. This law assumes that for large r, the interaction potential of the departing electron with the remaining neutral drops off faster than 1/r 2 , and the long-range effective potential is therefore dominated by the centrifugal term ( + 1) 2 /2μr 2 , where μ is the reduced mass of the electron. Equation 3 does not apply if the long-range effective potential is dominated instead by an actual attraction (or repulsion) between the separating particles. In particular, it does not apply to neutral ionization, in which the long-range Coulomb potential (∝ 1/r) supersedes the centrifugal term. Equation 3 also loses its validity in the presence of strong electron-dipole interaction (scaling as 1/r 2 , similar to the centrifugal potential). Per Equation 3, a typical photodetachment process in the proximity of its threshold is dominated by the smallest allowed waves (57, 61, 62) . For example, in O − , C − , and OH − photodetachment, a sharp (σ 0 ∝ ε 1/2 ) increase in the cross sections is observed near the threshold, attributed to the s partial waves (57) . In O 2 − , however, s waves are strictly forbidden by symmetry, so the threshold behavior is controlled by the slow-rising p partial waves (σ 1 ∝ ε 3/2 ) (57). The Wigner law is helpful in understanding anion PADs because it can predict the approximate scaling of the relative cross section with eKE. A common concern about its use over energy ranges of several electron volts is that the law, being a threshold law, is strictly valid only at vanishingly small eKE (57, (60) (61) (62) . This concern is discussed in Section 4.2.
PHOTOELECTRON ANGULAR DISTRIBUTIONS BASED ON THE DOMINANT PARTIAL-WAVE CHARACTER
Although the quantitative modeling of PADs must involve extensive and often unintuitive calculations (8, 13, 14, (63) (64) (65) (66) (67) (68) (69) , important physical insight can be gained from qualitative or semiquantitative models. These conceptual approaches, relying mainly on pen and paper (rather than a supercomputer) to interface with the explorer's brain, are the main subject of this review.
One such approach, the s&p partial-wave model, has been illustrated for several molecular anions (for examples, see 11, and references therein). It establishes a qualitative relationship between the expected PADs and the symmetry properties of the corresponding parent MO.
First, the s&p partial-wave model considers the detachment in the MF. Within the oneelectron, electric-dipole approximation framework, the model requires that the direct product of the irreducible representations of the free-electron wave function (ψ f ), the dipole operator (μ), and the initial bound orbital (ψ MO ) is invariant under the symmetry operations of the molecular point group.
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Second, given the allowed symmetries of the free-electron waves, ψ f is formally expanded in a basis of partial waves with defined values, emitted from a single center. True to its name, the s&p model limits the consideration to only the = 0 and 1 partial waves. This approximation implicitly relies on the effective centrifugal suppression of the higher-order waves, prescribed by the Wigner law (60) . Whereas the Wigner law holds only in the immediate proximity of the photodetachment threshold (62), the Wigner-like relative scaling of the partial waves is presumed to persist over a broader (albeit difficult to quantify) energy range (see Sections 2.3 and 4.2).
One may rightly wonder, why limit the discussion specifically to the s and p waves? The model aims to simplify the description of the emitted electrons to the greatest extent possible, while retaining the key physics of the process. This means considering as few partial waves as possible, with the greatest weight always given to the lowest-order waves. Hence, limiting the discussion to just the = 0 waves would be tempting but pointless: The s waves are isotropic and by themselves do not give any insight into the actual PAD. Including the anisotropic p waves (which can be polarized in different directions, resulting in different PAD characters) accounts, to the lowest approximation order possible, for the anisotropic nature of the photodetachment, while still maintaining the bare-bones model simplicity.
Next, the emitted s and p waves are referenced from the MF to LF axes. In general, the LF PAD must account for all possible molecular orientations. In the model approach, the PAD's character is determined by considering only few principal orientations of the anion in the LF. This coarse approximation allows us to gain a crude, but intuitive picture of the detachment process. Table 1 summarizes the application of the s&p partial-wave approach to C 2v symmetry anions (11, 24, 45) . Each of the three principal LF orientations of the anion frame, shown schematically in the left column, corresponds to one of the molecular axes aligned along the laser polarization direction (z LF ), which is presumed vertical. For each orientation, only the transitions Table 1 The s&p model treatment of the photodetachment of a C 2v symmetry anion that possess nonzero dipole components along z LF are active. The MF symmetry species of the active dipole components are indicated in the second column, and the shaded columns list the orientation-dependent symmetries of the emitted electron, determined in the MF by requiring ψ f |μ|ψ MO = 0. The procedure is repeated for photodetachment from MOs corresponding to each of the four irreducible representations of the point group.
Thus determined symmetry species of the emitted electron waves limit the allowed components of the partial-wave expansion of ψ f . Whereas s waves always correspond to the totally symmetric representation (a 1 ), p waves, depending on their polarization in the MF, can transform as a 1 , b 1 , or b 2 symmetry species. The dashed contours in Table 1 illustrate the allowed s and p components of ψ f . For free-electron waves transforming as a 1 , both s and p components are allowed. Because the s waves are isotropic, their MF → LF transformation is trivial. Conversely, the LF polarization of the a 1 symmetry p waves is determined by a combination of their MF symmetry and the corresponding anion orientation. Among the b 1 and b 2 symmetry partial waves, only p components are allowed in the s&p model (i.e., no s partial waves). For a 2 waves, the smallest allowed correspond to d waves; therefore, a 2 symmetry partial waves are completely neglected under the model approximation.
Detailed discussions of the benchmark application of the s&p partial-wave model to a C 2v anion (CS 2 − ) can be found in References 11, 24, and 45. Summarizing these discussions, Figure 1a ,b presents the key results of a photoelectron imaging study of CS 2 − (24), with the 267-nm photoelectron image and its Abel inversion (70), respectively. The three clearly perceptible rings in the image correspond to electrons originating from three distinct MOs, of a 1 , b 2 , and a 2 symmetry.
Considering the wave sketches in the shaded part of Table 1 , one can clearly see the qualitative nature of the expected PADs. For the a −1 1 transition, the free-electron waves are characterized by interference of isotropic s waves (• anisotropy character in Table 1) , and p waves polarized along z LF ( character). Thus, a predominantly parallel PAD (β > 0) is expected, in agreement with the properties of the outermost photoelectron band in (8, 67, 76) adapted to molecular anions (24) . To this end, the s&p partial-wave model offers the pedagogical advantage of the ease of visualization.
THE CENTRAL POTENTIAL MODEL
The Cooper-Zare Equation
If the initial state of the electron is described by a definite value of , as in the case of atomic species, the emitted electrons are represented by superpositions of the dipole-allowed partial waves with f = ± 1. According to the derivations by Bethe and colleagues (77) , generalized by Cooper & Zare (67, 76) , the anisotropy parameter β for photoemission using linearly polarized light in this case is given by the Cooper-Zare equation:
where χ , ±1 are the radial matrix elements for the f = ± 1 partial waves, and (δ +1 − δ −1 ) is the phase shift induced by interaction with the remaining neutral (or cation). A direct application of the Cooper-Zare formula requires the evaluation of radial transition matrix elements, which is not a trivial undertaking in its own right (57). Hanstorp et al. (78) proposed a practical simplification of the problem, assuming that the relative scaling of the partialwave cross sections follows the Wigner law (60).
Hanstorp's Formulation of the Cooper-Zare Equation
The Cooper-Zare equation (Equation 4) can be rearranged to show that β is dependent not on the matrix elements themselves, but on the ratio of χ , +1 to χ , −1 . In anion photodetachment, this ratio is expected to vary approximately linearly with eKE, ε. This simplification, originally noted by Hanstorp et al. (78) , follows from the Wigner law for near-threshold photodetachment (Equation 3), as the partial cross sections are proportional to the squares of the corresponding matrix elements, σ ±1 ∝ χ 2 , ±1 . A common criticism concerning the use of the Wigner law proportionality over energy ranges spanning several electron volts is that the law, being a threshold law, is strictly valid only at vanishingly small kinetic energies (57, (60) (61) (62) . However, decades of successful and diverse applications of Hanstorp et al.'s approach suggest that, although the Wigner law predictions of partial-wave cross sections are not accurate outside the threshold regime, the law's predictions of cross-section ratios are more robust (14, 15, 24, 38, 47, 74, (79) (80) (81) (82) (83) (84) (85) (86) (87) (88) (89) . A more detailed discussion of the range of validity of Wigner partial-wave ratios can be found in the online supplement to Reference 52.
Assuming σ +1 /σ −1 ∝ ε 2 , and therefore χ , +1 /χ , −1 = A ε, where A is a proportionality coefficient with units of reciprocal energy, one can arrange Equation 4 to allow the calculation of β as an explicit function of ε (78): 
Photodetachment from s and p Orbitals
The simplest case of s orbital photodetachment has been described in detail using the example of H − (45, 50, 90) . A sample photoelectron image of H − (50) is shown in Figure 2 . With = 0, Equations 4 and 5 do not apply in a rigorous sense, as the ( − 1) partial wave and its phase do not exist in this case. However, formally substituting = 0 into either Equation 4 or 5 leads to zeroing out the nonexistent terms and yields a simple-and correct-result: a parallel photodetachment with β = 2, independent of eKE, corresponding to the red pure s limit in Figure 2 . This
electron is a p wave polarized in the same direction as the detaching radiation (LF z axis). The angular dependence of this p z wave is described by one spherical harmonic, Y 1,0 (θ, φ) = (3/4π ) 1/2 cosθ , which corresponds to a cos 2 θ PAD (β = 2). In the particular case of photodetachment from a p atomic orbital [see, e.g., the sample O − photoelectron image (50) in Figure 2] 
where A ≡ A 1 (78) . Throughout this review, A without a subscript corresponds to detachment from a p orbital and describes the relative scaling of the radial dipole integrals corresponding to the p → d and p → s photodetachment channels. One can determine its value by fitting Equation 6 to experimental data. However, it is also possible to obtain an estimate of A from first principles. Assuming no interaction with the remaining neutral and representing the continuum electron by free spherical waves, the A coefficient is given by the following equation (52):
where R np (r) is the radial part of the initial np orbital (with n the principal quantum number), and j 0 (kr) and j 2 (kr) are the spherical Bessel functions describing the radial parts of the s and d partial waves, with k the linear momentum wave number, k = p/ .
Thus defined parameter A is generally not a constant, as both integrals in Equation 7 are k and therefore ε dependent (52). To make Equation 7 consistent with the use of A as a constant in Equation 6
(and, more generally, Equation 5), we must adopt the same approximation, as in the work of Hanstorp et al. (78) , namely the Wigner-like slow-electron limit. In this limit, the de Broglie wavelength of the emitted electron significantly exceeds the radial extent of the bound orbital, and the spherical Bessel functions in Equation 7 can be approximated by the leading (origin) terms of their respective Taylor (Maclaurin) series expansions for kr
Equation 7 then simplifies to
or, because ε = k 2 /2 (in atomic units),
A defined by Equation 9 is indeed independent of energy. Its value is determined exclusively by the radial moments of the bound orbital. The r 3 and r 5 factors under the integrals in Equation 9 imply that parameter A is particularly sensitive to the long-range behavior of the bound orbital. This observation justifies describing the initial state with a standard hydrogenic function, defined by the principal quantum number n and effective nuclear charge ζ np . Then, both integrals in Equation 9 can be evaluated analytically. For the particular case of photodetachment from a 2p orbital (52),
This approximate prediction can be compared directly to the experimental results for second-row anions. For example, the value of A determined by fitting Equation 6 to experimental anisotropy data for O − is A = 0.55 ± 0.045 eV −1 (38, 78, 89, 91, 92) . This result is consistent with Equation 10, assuming ζ 2p ≈ 1. To put this effective charge in perspective, let us compare it, on the one hand, to the prediction of Slater's rules (93, 94) of ζ 2p = 4.2 for O − . On the other hand, let us recall that the determining role in the calculation of A belongs to the diffuse long-range tail of the anionic wave function, not the core part that Slater's rules are designed to describe. The long-range tail interacts with a nearly neutral core, asymptotically corresponding to ζ 2p → 0 as r → ∞. The above value of ζ 2p ≈ 1 is a reasonable compromise between 0 and 4.2.
Understanding C − PADs is an important step in modeling the photodetachment of organic anions. Although the electron affinity of atomic carbon is well known (1.262 eV) (95) , limited data exist for the corresponding PADs (81, 91, 96 
PHOTODETACHMENT FROM s-p MIXED-CHARACTER STATES
Until recently, no practical analog of the Cooper-Zare formula existed for photodetachment from MOs described by more than one value (97) . Concepts similar to those that underlie the s&p partial-wave approach (Section 3) have led to an approximate formalism for photodetachment from mixed-character s-p states. Initially proposed by Grumbling (98), the mixed s-p model is applicable to PADs resulting from a broad class of hybrid orbitals (52, 54) , as well as some solvation-polarized initial states (51) . Although the mixed s-p model is similar in name to the s&p partial-wave model, the two approaches are different and should not be confused. The mixed s-p model applies to hybrid orbitals localized predominantly on a single central atom in a molecule. Such systems are ubiquitous in chemistry, but one limitation of the mixed s-p model is its reliance on the central-atom approximation.
Model Approximations and Formalism
The mixed s-p model considers photodetachment from a state represented as a linear combination of one s-and one p-type function localized on the same center in the MF (51):
where f is the fractional p character, 0 ≤ f ≤ 1. Any relative phase factors are absorbed into the corresponding kets. Equation 11 can be used to approximate canonical Hartree-Fock orbitals, or without much extra effort or loss of generality, the same approach can be applied to Dyson orbitals (14, 15, 99) . In the electric-dipole approximation, photodetachment from a mixed state described by Equation 11 yields s, p, and d partial waves via the s → p and p → s, d channels. Similar to Hanstorp et al. (78) (Section 4.2) , the model assumes the Wigner-like (60) scaling of the partial-wave cross sections. Namely, χ Under these assumptions, the anisotropy parameter β is an explicit function of eKE (51): 
where a new parameter Z is introduced (52), defined as
Thus, aside from the phase shift, the model anisotropy trends β(ε) are determined by two parameters, A and Z, rather than three (A, Neglecting the phase shift, the Z parameter (Equation 14) contains all the physics and chemistry of the process (within the model constraints) by combining the relative channel cross sections with the properties of the parent MO. Furthermore, Equation 13 reveals that for a given value of Z, the anisotropy parameter is a unique function of Aε, rather than ε. Hence, if the energy scale is properly normalized with regard to the size of the initial orbital (as determined by A; see Section 4.3), the corresponding anisotropy trend is completely determined by Z. This is illustrated in Figure 2 , which plots the anisotropy parameter β, as determined by Equation 13 , versus Aε for different Z values, ranging from Z = 0 ( p orbital limit) to ∞ (s orbital limit). This plot is a summary of the mixed s-p model results (51) , applicable to photodetachment from any such mixed-character anionic state.
Evaluation of the Model Parameters
The Z value describing the photodetahcment process for mixed s-p states is a composite parameter (per Equation 14) . Its evaluation requires the knowledge of the B/A ratio and the fractional p character ( f ) of the parent orbital. In this section, we outline the ab initio procedures that can be used to evaluate these properties.
The B/A ratio.
The B/A ratio depends on the types of the s and p components of the parent hybrid orbital, n s and np. The prime in n s indicates that the s and p components of the initial state do not have to correspond to the same principal quantum number. (For example, in Section 5.3.2, the solvation-induced polarization of H − is described by a small 2p contribution added to the 1s orbital; i.e., n = 1 and n = 2.)
Formally, B/A is defined as the ratio of the s → p to p → d and p → s to s → p relative transition amplitudes (52) . Under assumptions similar to those underlying Equation 7 (no interaction of the continuum electron with the remaining neutral), the B/A ratio is given by
where R n s (r) and R np (r) are the radial parts of the s and p components of the initial n s-np orbital, and j (kr) are the spherical Bessel functions describing the radial parts of the emitted waves. In a manner similar to Equation 9, if the de Broglie wavelength of the emitted electron significantly exceeds the radial extent of the bound orbital, one can replace the spherical Bessel functions with their origin terms, simplifying Equation 15 to
Despite the explicit k dependence of the integrals in Equation 15 , the B/A ratio in Equation 16 is independent of k and therefore ε. This result is consistent with the Wigner law (60) and the formulations by Hanstorp et al. (78) . Just as the r 3 and r 5 factors under the integrals in Equation 9 make A sensitive mostly to the long-range tails of the bound orbital, the r 3 , r 4 , and r 5 factors under the integrals in Equation  16 impose the same sensitivity on B/A. The s and p components of the orbital can therefore be approximated by the corresponding hydrogenic functions, defined by the principal quantum numbers n and n and effective nuclear charges ζ n s and ζ np , respectively. With this approximation, all integrals in Equation 16 can be evaluated analytically using a pen and paper only (52), giving the B/A ratio for the specific n s-np mixing case.
In the particularly important case of 2s-2p mixing (relevant to photodetachment from a broad class of sp n hybrid orbitals of organic compounds), the result is (52)
Under the further approximation of equal 2s and 2p effective nuclear charges, Equation 17 simplifies further to B/A = 8/3. The ζ 2p = ζ 2s assumption may look suspicious in view of the different core-penetration properties of the 2s and 2p functions. This suspicion is further amplified by the seventh-power dependence of B/A on ζ 2p /ζ 2s in Equation 17 . Nonetheless, the assumption is consistent with the dominant role of the tails of anion orbitals in determining the detachment regime. The effective charge in the mixed s-p model is intended to describe these very diffuse tails, rather than the divergent degrees of core penetration. As the 2s and 2p tails interact with a similarly charged core, the assumption ζ 2p = ζ 2s is justified, to a degree. Calculations for other ns-np (n = n ) mixing cases show that B/A varies with n. Assuming, again, ζ ns = ζ np , we obtain B/A = 121/60 for the 3s-3p mixing, B/A = 24/13 for 4s-4p, B/A = 135/76 for 5s-5p, etc. These fractions are plotted as a function of n in Figure 3 and are easily generalized, similar to Equation 17, for mixed states with ζ ns = ζ np . As n increases in Figure 3 (e.g., for Rydberg-like dipole-bound states), B/A approaches the asymptotic limit of 5/3. Similar calculations have been carried out for the off-diagonal (i.e., n = n) n s-np cases. For example, in the 1s-2p scenario, relevant to the perturbation of H − by solvation (see Section 5.3.2), B/A = (1/768)(ζ 2p /ζ 1s ) 7 (51, 71) . The assumption ζ 1s = ζ 2p would not be appropriate (even approximately) in this case, as ζ 1s > ζ 2p is expected, owing to the very diffuse nature of the solvationinduced polarization component. the fractional p character of the specific detachment orbital, rather than the bonding character of the atom (as related to bond angles). One approach to quantifying the p character is based on analyzing the ab initio MO coefficients for the s-and p-type functions of (only) the central atom. For example, for a nominal sp 2 hybrid orbital, not accounting for contributions from the neighboring atoms, f = 2/3. This approach is appealing, on its surface, because of the intuitive link to the canonical hybridization state of the atom's orbitals. Its drawback mirrors the limitation of the central-atom approximation. Molecularanion photodetachment involves MOs, rather than the orbitals of just the central atom. This holds true even for canonical nonbonding orbitals (52) .
Fractional
A more successful approach to determining the value of f involves directly fitting a mixed s-p model function to an ab initio parent MO (which can be a canonical Hartree-Fock or Dyson orbital) (54) . This approach amounts to representing the MO in the mixed s-p basis that consists of only two functions. Specifically, one constructs a model orbital ψ sp as a superposition of hydrogenic s and p functions (one of each), per Equation 11. The spatial extent of the components is described by effective nuclear charge ζ , assumed to be the same for both the s and p contributions (see Section 5.2.1). The model orbital is thus controlled by two parameters, ζ and f, both of which are used to optimize the overlap of ψ sp with the MO determined from ab initio calculations.
Benchmark Applications of the Mixed s-p Model
We now demonstrate the application of the mixed s-p model in two very different regimes. First is the photodetachment from sp x hybrid orbitals with sizable contributions of both s and p functions. Second is the photodetachment from an atomic-anion orbital merely perturbed by solvation. approximate location of the minimum in the experimental β(ε) dependence, but its overall agreement with the experiment is poor. A more appropriate, yet still conceptually straightforward approach is to treat the HOMO as an s and p hybrid orbital. The addition of partial s character to the model description of the anion HOMO opens the p detachment channel, not accounted for by the above application of the Cooper-Zare model. To determine the fractional p character of the hybrid state, one constructs a model orbital ψ sp , defined as a superposition of hydrogenic 2s and 2p functions on the deprotonated carbon center in C 5 H 4 N − and then fits it to the HOMO of C 5 H 4 N − shown in Figure 4a . This procedure is purely ab initio in nature, independent of the experimental results; it is not a model fit to the data. The fit yields ζ = 3.10 and f = 0.88. The effective charge of 3.10 compares favorably to the predictions of Slater's rules (93) of 3.25 and 2.9 for the n = 2 electrons in C and C − , respectively. As the excess charge in the pyridinide anion is partially delocalized, the ζ value is indeed expected to be intermediate between those for the atomic neutral and the singly charged anion. Figure 4b plots the optimized model orbital. As expected, the model orbital correctly captures the hybrid character of the dominant part of the HOMO centered on C4, while missing the delocalized parts of the orbital.
The above fractional p character value f = 0.88 does not reflect just the hybridization state of the C4 atom in pyridinide. This value is determined by fitting the model orbital to the ab initio HOMO, including the contributions of the neighboring atoms. Calculating f from the MO coefficients for the s-and p-type functions of C4 only, contributing to the HOMO, one yields a significantly smaller f value of ∼0.6. The constructive contributions of the neighboring-atom (C3 and C5) orbitals to the HOMO density just below the C4 center (in the orientation shown in Figure 4 ) have the effect of partially symmetrizing the orbital with respect to C4, thus increasing the effective p character of the model orbital without affecting the intrinsic hybridization state of C4. The f = 0.88 value can be said to include a correction for the partial breakdown of the central-atom approximation implicit in the model.
Substituting f = 0.88 and B/A = 8/3 (see Section 5.2.1) into Equation 14 yields Z = 0.36. Assuming no phase shift, this Z value, together with A = 0.75 eV −1 (52) for carbon-based anionic 2p orbitals, allows one to model the eKE dependence of the anisotropy parameter using Equation 13 . The resulting β(ε) prediction is plotted in Figure 5 as curve 3. It is in nearly quantitative agreement with the experimental results.
Further improvement of the model can be achieved by taking into account the electron correlation and relaxation effects inherent in the photodetachment of the many-electron system. To this end, without much additional effort, one can replace the canonical Hartree-Fock HOMO used in the above analysis with the corresponding Dyson orbital (14, 15, 99) computed (102) using the EOM-IP-CCSD method (103) . The resulting model function ψ sp with the optimized parameter values f = 0.86 and ζ = 3.13 is very similar to that obtained in the above analysis for the Hartree-Fock orbital. Figure 5 shows the corresponding model prediction as curve 4.
Curves 3 and 4 in Figure 5 represent unaltered model predictions, calculated from first principles without any adjustable parameters or fitting to experimental data (unlike the Cooper-Zare fit given by curve 2). The nearly quantitative agreement of curves 3 and 4 with the experimental data suggests that the model correctly captures the physics of the photodetachment process from the hybrid initial state.
Finally, one may question the assumption of a zero phase shift used in the calculations. In many previous attempts to model anion photodetachment using the Cooper-Zare formula, investigators found phase shifts in the range cos(δ 2 − δ 0 ) = 0.86-0.96 (57, 73, 78, 82, 86, 87) . Curve 5 in Figure 5 was calculated using Equation 13 with the Dyson orbital parameters ( f = 0.86) and the cosine of the phase shift set arbitrarily to 0.95. The resulting agreement with the experiment is remarkable, but in contrast to curves 3 and 4, curve 5 does include an adjustable parameter (the above cosine), with no solid justification given for the value used.
Applications of the mixed s-p model to other heterocyclic organic anions (55, 104) and other systems (52) have also been demonstrated. In all cases studied, the inclusion of both s and p character of the initial wave function proved crucial for an adequate description of the experimental results.
Solvation-induced polarization within the mixed s-p formalism.
The anion orbitals tend to be diffuse, making them particularly sensitive to external perturbations and intermolecular interactions. Here we focus on cases in which one can describe the dominant effect of solventinduced perturbation of an anion by a single p-type polarization term. In such cases, the n s-np (n = n) mixing variant of the mixed s-p model is applicable. As a specific example, we discuss the adaptation of this approach to H − (NH 3 ) n cluster anions (51, 52, 71) . In considering the interaction of the 1s electrons of H − with a single polar solvent molecule, one may approximately describe the resulting perturbation of the anion with a 2p function added to the anionic 1s orbital. A similar argument holds, approximately, for larger asymmetrically solvated clusters, so we adopt the 1s-2p mixing scenario with a very small fractional p character ( f 1) to understand the PADs in H − (NH 3 ) n photodetachment. Estimating the model parameters is a challenging task in this case because of the difficulty of modeling the perturbed anion orbitals in asymmetric solvent environments, but meaningful physical insight can be gleaned from comparison to experimental data.
As discussed in Section 5.2.1, in the 1s-2p mixing case, B/A = (1/768)(ζ 2p /ζ 1s ) 7 , with ζ 2p ζ 1s < 1, as mandated by the diffuse nature of the H − 1s orbital and a far more diffuse nature of the solvation-induced polarization component. Considering the seventh-power dependence on ζ 2p /ζ 1s , a B/A ratio <10 −3 can easily be expected. Figure 6 shows the photoelectron anisotropy data for H − (NH 3 ) n cluster anions collected at 532 nm (for n = 0-5), 355 nm (n = 0-5), and 786 nm (n = 0-2) (71). As usual, for a meaningful examination of the electronic-structure or photoelectron-solvent interaction effects, the observed anisotropy parameter values are plotted versus eKE. To understand the role of solvent-induced perturbation on the photodetachment process, one should compare the cluster results to the zerosolvation reference. In the case of unsolvated H − , it is β = 2, independent of eKE (see Section 4.3). Figure 6 indicates the β = 2 zero-solvation reference for the H − (NH 3 ) n cluster series. The experimental results for bare H − fall close to this limit and indeed do not display an energy dependence, consistent with other measurements for this system (91, 105) . In comparison, the H − (NH 3 ) n , n > 0, results exhibit significant deviations from the β = 2 limit. These solvationinduced deviations are most pronounced at small eKE.
In addition to the zero-solvation unperturbed s orbital limit (Z = ∞), Figure 6 shows two mixed s-p model curves corresponding to Z = 12 and 36. The chosen Z values provide effective bounds for the observed experimental β(ε) trends, and it is revealing that the data for the smaller clusters (n = 1) gravitate toward the upper bound (Z = 36), whereas those for the larger clusters (n = 4, 5) fall closer to Z = 12. Altogether, the model correctly reproduces the striking solvationinduced deviations of β from the zero-solvation limit, particularly at small eKE. Solvation polarizes the diffuse 1s orbital of H − , introducing some p character to the initial state and resulting in the opening of the p → s channel. Even for a small perturbation, the isotropic s waves are most important at small to moderate eKE (see Section 2.3), the region where the H − (NH 3 ) n PADs deviate most strongly from the zero-solvation limit.
With further development, it should be possible to obtain a quantitative estimate of the ζ 2p /ζ 1s charge ratio describing the H − (NH 3 ) n clusters. With that, one could estimate the B/A ratio, per B/A(1s-2p) = (1/768)(ζ 2p /ζ 1s ) 7 . The Z values in Figure 6 could then be used to calculate the fractional p character of the solvation-polarized H − orbitals, quantifying the effect of the perturbation of the anion within the clusters. In the absence of such exact estimates, if B/A < 10 −3 is assumed, a polarization-induced fractional p character f < 3 × 10 −5 is indicated by the experimental results.
SUMMARY
In stark contrast to neutral-molecule ionization, photodetachment processes at small to moderate eKEs are dominated by partial waves with the smallest allowed values of angular momentum. This allows for significant simplifications in the qualitative understanding of the process. In one approach, one may draw conclusions about the expected PAD character based on the symmetryallowed s and p partial waves contributing to the photodetached electron. In a different but related approach, the parent MO can be described based on its dominant s and p contributions, whereas the properties of the continuum electron are determined by the interference of the s → p and p → s, d photodetachment channels. The analysis of the PADs within this approximate framework reveals the character of the parent orbitals and the essential physics of the photodetachment processes.
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